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Abstract 
Described by the drude model, the DNG metamaterials is essentially a dispersive media, the scattering analysis of it 
over broad band by asymptotic waveform evaluation (AWE) technique is difficult since the computation of high 
order differential coefficients for the impedance matrix elements, to reduce the differential order, the model-based 
parameter estimation (MBPE) technique based on two expanded points is applied to analysis the scattering characters 
of double-negative (DNG) metamaterials. A wavelet matrix transform (WMT) is used to get a sparse matrix equation 
in wavelet-domain, which is solved over a broad frequency band by the MBPE. As compared with AWE, the MBPE 
technique obtained more accurate results over a broader frequency band. 
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of Harbin University 
of Science and Technology 
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1. Introduction 
Recently, research on new type metamaterials has being a valuable issue in electromagnetic fields, 
materials fields, optic fields and so on. The double-negative (DNG) metamaterials are artificial materials 
with both negative permittivity and permeability within a certain frequency band, and the relative 
research on DNG metamaterial has been elected as one of the “Top Ten Scientific and Technological 
∗  M. S. Chen Tel.: +86-551-367-5652. 
E-mail address: chenms@ustc.edu.cn
Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
2962  M.S. Chen et al. / Procedia Engineering 29 (2012) 2961 – 2965W. Mei et al. / Procedia Engineeri  00 (2011) 00 –000 
Progress” by Science. The discussion about metamaterials can be traced back to the Russian scientist 
Veselago [1], who stated some new strange features of DNG materials from Maxwell equations，such as 
negative refractive index, reversed Doppler effect, reversed Cerenkov radiation etc.. 
Recently, to analyze the scattering characters of DNG metamaterials [2], the finite difference time 
domain (FDTD) method is usually used, while the integral equations method is rarely applied to 
accomplish the scattering analysis of DNG over a broad frequency band [3-5]. Though method of 
moments (MOM) [6] has a more accurate solution, it is difficult in dealing with broad frequency band 
problems. The asymptotic waveform evaluation (AWE) [7] technique and model based parameter 
evaluation (MBPE) [8] technique are tools developed recently for MOM to solving problems over a broad 
frequency band. But they are difficult to analyze the scattering problems of dispersive objects such as 
DNG method considering the complex computation of high order differential coefficients of the 
impedance matrix elements.  
In this paper, based on a process of deduction for the high order differential coefficients of the 
impedance matrix elements for dispersive model, the AWE and MBPE method are applied to the 
scattering analysis of DNG metamaterials. And we suggest that the MBPE method is more suitable for 
broad band scattering analysis of DNG metamaterials as concerning the comparison in aspects of 
computational accuracy and easy operation. And to further improve the efficiency the matrix equation 
resulted from MOM is transformed into a sparse matrix equation by applying wavelet matrix equation, 
solving which by MBPE will be more efficient. 
2. PMCHWT Equation 
Considering the scattering problem of an arbitrarily shaped homogeneous dielectric body characterized 
by permittivity 2ε and permeability 2μ and immersed in an infinite and homogeneous medium having 
permittivity 1ε and permeability 1μ , the so-called PMCHW equation is usually applied. The equation can 
be described as follow 
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When Drude model [9] is used, permittivity and permeability of metamaterial can be described as: 
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in which eω  and mω  are the electric and magnetic plasma oscillation frequency, eΓ  and mΓ  are the 
electric plasma and magnetic plasma electron collision frequency, respectively. 
With the help of method of moments (MOM), the integral equation described by (1) can be reduced to 
be a matrix equation as  
( ) ( ) ( )k k k=Z I V                                                                                                                                       (6)
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By applying wavelet matrix transform to the above equation, one can obtain 
( )( )0 0( ) ( ) ( ) ( ) ( ) ( )k k k k k k= ⇔ =W Z W W I W V Z I V% % % % % %                                                                                 (7) 
The above equation is a sparse matrix equation, when an orthogonal wavelet is used, one will get 
( ) ( )k k=I WI% . The lifting scheme proposed in [10] is used to operate the above wavelet matrix transforms. 
3. MBPE Technique 
To solve equation (7) over a broad frequency band, we expand the currents ( )kI%  into a rational 
function as 
( )
( )
( )
L
M
k
k
k
= PI
Q
% (8)
in which 20 1 2( )
L
L Lk k k k= + + + +P a a a aL and 21 2( ) 1 MM Mk k k k= + + + +Q b b bL .
To solve the unknown coefficients ( 0,1,2, , )l l L=a L  and ( 0,1,2, , )m m M=b L , 1L M+ + equations are 
required, and we rewrite (8) as ( ) ( ) ( )M Lk k k=I Q P% , differentiated this equation n  times with respect to k
( ) ( ) ( )
0
( ) ( ) ( ) 1,2, ,
n
n i i n
M L
i
n
k k k n N
i
−
=
⎛ ⎞ = =⎜ ⎟⎝ ⎠∑ I Q P% L                                                                                            (9)
( ) 1 ( ) ( ) ( )
0
1
( ) ( )[ ( ) ( ) ( )]
n
n n i n i
i
n
k k k k k
i
− −
=
⎛ ⎞= − ⎜ ⎟⎝ ⎠∑I Z V Z I% % % % %                                                                                        (10)
and it can be proved that if one chose 1N L M= + +  and replace k  with 0k k−  ( 0k is corresponding to the 
center frequency point 0f  in AWE), the AWE technique will be formed (in this paper the AWE is used 
without wavelet matrix transform). But for DNG problems, the computation of high order derivatives for 
impedance matrix is complex, and the complexity is increasing as the order added. Hence, we want to 
present a two point model based parameter estimation technique, that is to applying (10) at two frequency 
point 1k  and 2k  to form the 1L M+ + equations jointly. When 4L =  and 3M =  are selected, the matrix 
equation will be obtained as 
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the computation of coefficients ijM  can be found in  [11]. 
4. Numerical  Results  
To validate the technique presented in previous sections, the first examples of an infinite cylinder with 
its radius of 0.3cm is considered. When the parameters of the object set as 260e mω ω= = GHz and 
0e mΓ = Γ = , and the object is illuminated by a TM plane wave, the radar cross section (RCS) frequency 
response of it over the frequency band 16GHz-22GHz is presented in Fig.1 (a), the result of MBPE 
method agrees well with that of analytical solution over the entire frequency band, while the AWE has a 
narrow effective frequency band. And the sparsity (nonzero elements rates) of impedance matrix at the 
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two MBPE expanded points is 2.28% and 2.05%. As shown in Fig.1 (b) the RCS frequency response of 
an infinite cylinder with its radius of 0.2cm is computed over the frequency band 15GHz-22GHz, the 
parameters of the object set as 260e mω ω= = GHz and 12e mΓ = Γ = GHz, the MBPE technique still 
obtained a more accurate result as compared with AWE method. 
Fig.1 Analysis of DNG infinite cylinder. (a) 0e mΓ = Γ =  GHz; (b) 12e mΓ = Γ = GHz
Finally, the scattering analysis of a DNG square cylinder with its side length of 0.1cm is presented in 
Fig.2, the parameters of the object set as 266.5e mω ω= = GHz and 10e mΓ = Γ = GHz. When the MBPE 
expanded points selected as 5GHz and 9GHz, it obtained a broader accurate frequency band as compared 
with the AWE expanded at 8GHz. 
 Fig.2 Analysis of DNG infinite square cylinder. (a) Relative permittivity and permeability; (b) RCS frequency response 
5. Conclusions 
The scattering analysis of DNG metamaterials over a broad frequency band is accomplished by a 
wavelet based MBPE technique. Considering the DNG metamaterials is essentially a dispersive media, 
the frequency sweep analysis by integral equations methods such as AWE is difficult since a set of high 
order differential coefficients of the impedance matrix elements, the MBPE method is introduced and 
applied to the scattering analysis of DNG metamaterials over a broad frequency band. By numerical 
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simulation and comparison, it is found that MBPE can be easily operated and has a more accurate 
computation as compared with AWE. 
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